Repeating Decimals

The repeating decimals for fractions are precisely those that in their reduced form, have prime factors in the denominator other than 2 or 5. 
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 which is a repeating decimal with pattern  length 6.
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 .  Calculators have taken over the computations for many of us but divide 7 into 1 and note in the process, why the expansion eventually repeats. What is the maximum length this expansion could have been and why?

If we have the repeating decimal 
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We know it represents a fraction. How can we find the fraction this decimal represents?

We divide 7 into 10 and it goes once with a remainder of 3 - divide 7 into 30 and we get 4 with a remainder of 2 etc. The possible remainders when we divide by 7 are 0,1,2,..6. If we get 0 as a remainder though, it means 7 went into the last dividend evenly and the expansion terminates. Since the expansion does not terminate, we never get 0 as a remainder. The first time a remainder(other than 0 of course) repeats and it must because there are only 6 others, the expansion then repeats. So 6 is the largest repetition length that 
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could have had. To summarize 

For 
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 , if n has only factors of 2 and 5, the expansion terminates and the length of the terminated decimal is given by the smallest power of 10 in the denominator that n divides. If n contains factors other than 2 or 5 then the expansion does not terminate and the length of the repeating decimal is at most n-1 because there are n-1 possible non-zero remainders. We can see from 
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 that the repeating sequence is of length 1 and not 
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 and 
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has a repeating sequence of length 2 and not 10 so the answer might be smaller . 
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