Avocado Trees, TV Screens, the Geometric Mean & the Pythagorean Theorem – Oh My!
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Suppose we have an avocado tree that produced 100 avocados 3 years ago, 180 avocados the next year, 210 the following year, and 300 this year as shown by the following table:
	Year
	# of avocados
	%  increase
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	1
	100
	
	

	2
	180
	80%
	1.80

	3
	210
	16.66%
	1.166

	4
	300
	42.8%
	1.428


What is the annual average increase in production of the avocado tree? We could just compute the average (or arithmetic mean) of the 3 values (80+16.66+42.8)/3=46.5 but since each one is based on a different initial value, is that average meaningful? A better choice might be to determine a value such that if production increases by that same value each year, then starting with 100 we wind up with 300 after 3 years. There is such a value, and it is called the geometric (as opposed to arithmetic) mean.

The geometric mean of a and b is given by 
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. For example if a=1 and b=100, then the geometric mean of 1 and 100 is 
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 while the arithmetic mean is 50.5. If we have more than two values, e.g. 3, then we compute the cube root of the product of all 3. 
Find the geometric and arithmetic means of 1, 50, and 100.
In general, if there are n values we take the nth root of their product. Recall that the nth root of a can be written as 
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Returning to our avocados, we have  
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 so it follows that 
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. If we take the cube root of 
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we get 1.44. That means our 'average' rate of growth was 44% or 
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You are probably asking yourself 'why do we use the term geometric mean'? Here are its geometric roots.
Consider the right triangle: 

There are 3 triangles in the diagram as shown below - ABC,CDB and ADC. All 3 triangles are similar by the AA rule of similarity (if two angles of one triangle are equal to two angles of another triangle, then the triangles are similar).
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Since the triangles are similar, corresponding sides are proportional. The first two triangles share a and we can write 
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. This means that a is the geometric mean of c and y.  Similarly, the second two triangles share h and the first and third share b. This leads to 
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It follows that 
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., or in terms of geometric means: 



GEOMETRIC MEANS IN A RIGHT TRIANGLE
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In more general terms: 

· The perpendicular bisector (h) of the large hypotenuse (c) divides the hypotenuse into 2 parts (x and y) and is the geometric mean of those 2 parts.
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The hypotenuse of the smaller triangle (b) is the geometric mean of the large hypotenuse (c) and the part of the large hypotenuse closest to b (x).
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Similarly, the hypotenuse of the other smaller triangle (a) is the geometric mean of the large hypotenuse (c) and the part of the large hypotenuse closest to a (y).
Use the notion of geometric mean and the formulas in the box above, with 
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 ,to calculate h, a and b. 
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ANOTHER GEOMETRY CONNECTION:

The geometric mean representation for a and b can actually show the Pythagorean Theorem, namely a2+b2=c2 .
	y + x = c
	Given (see diagram)

	cy + cx = c2
	Multiply both sides by c.

	a2 + b2 = c2
	By geometric means:
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MORE “REAL LIFE” CONNECTIONS:

[image: image33.wmf]Portfolio managers -- Suppose some time ago we invested $100 in a mutual fund and the current value of the fund is $200. Is that a great rate of return?  Maybe - it depends on when we invested the $100.  If we invested the $100 just one year ago, then our annual rate of return was 100% -not bad. What if we invested 2 years ago and received a rate of r1 for the first year and r2 for the second year but we still have after 2 years that 
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and the geometric mean of 
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. That means we received an average annual rate of return of 41.4% - still very good. What if we invested our $100 5 years ago - 10 years ago- or even 20 years ago?  Then what is our annual rate of return? (Remember: if there are n values we take the nth root of their product. Recall that the nth root of a can be written as 
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	Years invested
	Rate of return

	1
	100%

	2
	41.4%

	5
	

	10
	

	20
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TV screen ratios --- Old movies and older TV sets have a 4:3 screen ratio or 1.33 to 1. In the 1960's, cinemascope was a widely adopted wide screen format of 2.35 to 1; that is, the screen was 2.35 times wider than it was high. In determining a modern TV screen ratio,  an attempt was made to 'split the difference' between the two ratios so that 4:3 images from old movies and TV programs as well as 2.35:1 images from more recent films were roughly 'equally compromised' in the new format. The technique used was to calculate the geometric mean of 1.33 and 2.35. Find this to obtain the ratio for our modern TV screens. This is why some parts are cut off!
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